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1 Introduction

The ability of high-resolution divection of arvival (DOAJ estimators such as MUSIC
to distinguish between closely separated sources is severely degraded by perturbation
errors (the term perturbation crror refers 1o any discrepancy hetween the manifolds
of actual and theoretical steering vectors for the arrav) [T Some possible canses of
perturbation error are element misplacement. non-isotropicity of the elements and/or
the environment. inaccurate gain and phase calibration. and the assumption that the
sources lie in the far-field. Various methods were proposed to deal with the problem
of estimating DOA under perturbed conditions. Many of them made vather restric-
tive assumptions: [2] vequired at least two calibrating sources with known DOAs.
while [3]-[1] required the sources 1o be disjoint i either freguency or time. The phase
errors were assumed to be caused solely by element misplacement in [5)-[6]. while
in [7]-{9]. the phase crrors were assumed 1o be independent of angle tand therefore
not caused by clement misplacement). This report deseribes a new method for esti-
mating the DOAs of non-disjoint. uncorrelated narrowhaed signals which makes no
assumptions about the phase ervors indnced by the perturbation (ke other methods
which include phase errors in the perturbation model. it does make the standard as-
sumption that the gain crrors are angle-independent: the theoretical gains, however,
may be nou-isotropic if the signals ave far-field). The first part of the method con-
sists of an iterative algorithm which vields estimates of the signal steering vectors.
In the second part of the method. these steering vectors are used to estimate the
DOAs. This two-part structure and the generality ol the perturbation model make
the new method similar to the method desceribed in [10]: the methods have not vet
been compared.

2 Estimating the Steering Vectors

Decomposing the signal covariance matrix

The algorithm starts by obtaining an estimate of the signal covariance matrix. R,,.
If the noise covariance matrix is assumed to be a multiple of the identity matrix, an
estimate can be found by replacing the small cigenvalues of the sample data covariance
matrix with zeros after subtvacting their average from the larger elgenvalies U
Since the signals are uncorrelated. the total output signal power at an element
cquals the the total input signal power (whicliis the same for all elements) multiplied
by the squared gain of the element. Consequently, the gains can be estimated by the
square root of the diagonal compoucnts of Ry,. Let g denote the estimated gain of
the kth element, for & = 1..... V. The signal covartance matrix s gain-calibrated
by dividing the 7 jth component of the matrix by g,.¢, for all i and j. After this

TFor an arbitrary noise covarinnee matrix, R, can be estimated as deseribed in the well-known
paper on the MUSIC algorithum [11)




operation has been performed, all elements can be assumed to have unity gain.
Once the calibrated R, has been obtaied, its cigenvector decomposition is
computed:

R,, = UXU" (1)

where

U'u = 1. (2)

and 3 is a diagonal matrix. U has dimension N by Vowhere M oas the nnmber of
signals. The signal covariance matrix has another deconposition.

R,, = VSV, (3)

where Vois a matrix of the signal steering vectors and S s a diagonal matnx of the
signal powers. From (1)- (3).

I=U'VS'/ gy, (1)

where

U2ux '/

o 2. . . .

Since U VSY? is a square matrix. (1) implies that
1=S'*ViU U'vs!/:

Since S is diagonal.

. t .
(Ulv) (U'v,)) =0 for 1< i) < M oand i #

Ut
——

where v; denotes the ith column of V.

Updating the Estimated Steering Vectors

The algorithm attemipts to find a sct of vectors. represented by the columns of a
matrix V., which satisfy (5). V can be initialized by setting its columns equal to the
theoretical steering vectors that correspoud to peaks i MUSTC (NMUSIC is described

in more detail in the following section). A arbitrary iteration of the algorithm begins
by re-estimating the first steering vector swhile the other estimated steering vectors
are kept fixed. The fiest transformed steering vector. U v, should be orthogonal to
all the other transformed steering vectors. Thus, it should lie in the null space of
Ut\A/,. where Vi denotes the matrix formed by deleting the fivst column of V. This
null space has a dimension of I. For a vector z in the nnldl space. vy should satisly
the under-determined set of equations

S N .
Uv, =z (6)




tor some arbitrary scale factor a. vy is a steering vector, it should lie in the column
space of U (see (1) and (3)). Thus, vy should also satisfyv

v, = Ugq (

-1

for some vector . Substituting (7) in (6) and making use of (2). one finds that
v, = aUx Yz, (%)

After vy has been updated. other steering vectors are re-estumated in the same fashion:
the iteration concludes with the update of the Mth sicering vector estimate. [t s
clear that at the end of the first iteration of the algorithm, V will have converged
to a set of vectors which satisfy (5) and lie in the columm space of U, However, as
it stands, the algorithm is incomplete. Additional structure must he miposed on 'V,
corresponding to the fact that the absolute value of cach component in Vs assuined
to equal 1, the nominal gain of the calibrated elements. Thus, the last stepin updating
v, consists of scaling it its phase is left unchanged but its magnitude is replaced by 1.
In the Ly-norm, the resulting vector is the one with the correct gains that is necrest
to the unscaled vy, After the scaling operation. vy no longer satisfies (6) or (7).
Consequently. the algorithm must be applied for an indefinite number of 1terations.
Two criteria given below can be used to evaluate the convergence of the algorithm:
it will be seen that the algorithm does not necessarily converge monotonically with
respect to cither of these quantities. The average orthogonality of the transformed.
scaled vectors is defined as

Z;éZ un_(/(UT\A’.-Ut"’_/)
A VPR Y

where the angle between complex-valued vectors x and y is defined as

[ 1xy]
x|yl

JaY -
ang(x.y) = cos
The average fractional amount that the scaled vectors lie in the column space of U

ZH%VJ
~ MV,

where a projection matrix Py is defined by
X A

is defined as

1

Py 2 X(X'X) X"

[h( al Ol”h“l Can e t(l”“”(lt((l \\h(“ Hno steering vector ('llil“L’l.\ A 141 i“(’(’i”‘]\ i['()”]
&~ ¢ hal .
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3 Estimating the Directions of Arrival

The theoretical steering vector vy is computed under the assumption of no gain or
phase errors. MUSIC estimates the directions of arrival by finding the values of
0 which yield peaks in =10 log,o(vI(I = Pi)ve). where Tis the identity matrix of
dimension N by N. The corresponding theoretical steering vectors lie far from the
noise subspace, or equivalently. close to the signal subspace.

Since the algorithm described in the first section provides estimates of the indi
vidual signal steering vectors, one can independentiy estimate the direction of arrival
of cach signal. The direction of arvival of the jth signal is estimated by tinding the
single value of 0 which maximizes — 10 foe,,(vi(I = P\-,J )Vi).

4 Simulation Results

The experiment involved a civcular arvay of six clements with A/2 spacing hetween
adjacent elements. The noise was white and its variance was the same at all elements
i.e. the noise power did not depend on the element gains. The element gains were
nominally equal to unity bhut actually varied uniformlv from 0.5 1o 1.5, Both MUSIC
and the new algorithm used the gain-calibrated R,.. The signal directions of arvival
were 0 = —10°,0°, and 10%; cach signal had SNR ol 20 dB. Twenty trials were per-
formed. In a trial, cach clement was randomly displaced: the x and v displacements
were independent and uniform over .03, The signal steering vectors were addition-
ally perturbed by angle-independent phase crrors of up to 03X, Once the perturbed
steering vectors were generated, the sample covariance matrix was randomly formed
from 500 snapshots. The theoretical steering vectors were caleulated at one-degree
increments. The algorithin was allowed to run for 200 iterations. Ounly once in the
20 trials did MUSIC have three peaks in the general vicinity of the true directions-
of-arrival. The mean values for the new method’s direction-of-arrival estimates were
—11.0°,—0.5°, and 10.3°. The standard deviations were 1.8°,2.0° and 1.5°.

The following figures were generated using the data from the twentieth trial.
Fig. 1 shows that the algorithm improved upon the initial MUSIC estimates of the
signal steering vectors; cach estimated steering vector was compared with the closest
actual steering vector and the average angular separation was determined (the gain
errors were not considered in this calenlation). Fig. 2 shows that the transformed
estimated steering vectors rapidly become orthogonal to cach other after a few itera-
tions, as desired. This is one wav to estimate how well the algorithim is performing,
Fig. 3 reveals a second wayv 1o estimate the aleorithm performance  the estimated
steering vectors should lie close to the sigual subspace. Figse 1 and 5 illustrate the
direction-of-arrival spectra for MUSIC and the new method. In the case of the latter,
the individual curves for the three signals have been superimposed on the same plot.
Although MUSIC was not capable of vesolving the closely spaced signals. the three

directions-of-arrival are apparent in fig. 5.
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Average Orthogonality of the Transformed Estimated Sieering Vectors
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Avcrage Fraction of the Estimated Steering Vectors in the Signal Subspace
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MUSIC has peaks at 11, 96, and -96 degrees
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5 Summary and Observations

This report has presented a two-part wethiod for estimating the directions of arrival
of uncorrelated narrowband sources when there are arbitvary phase errors and angle-
imdependent gain errors. The signal steering vectors are estumated i the hirst part
of the method: in the second part, the arvival divections cre estimated. 1t shonld be
noted that the second part of the method can be tailored to incorporate additional
information about the nature of the phase errors. For exampleo it the phase crrors
are known to be caused solely by element misplacement. the element focations can
he estimated concurrentlv with the DONS by trving to mateh the theorenical stecring
vectors to the estimated ones. Stmuldation resaits sugeest that. for general pertare
bation. the method can resolve closely spaced sonrees under conditions for whinch «
standard high-resolution DO wnethod sneh as MUSEC fails,
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